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Abstract 

J2 We present a class of dynamical solutions for intersecting D4-D8 and D3-D7 brane systems in 

| ten-dimensional type IIA and IIB supergravity. We discuss if these solutions can be recovered in 

ly-^ lower-dimensional effective theories for the warped compactification of a general p-brane system. 

i ! 

\Q . It is found that an effective p + 1-dimensional description is not possible in general due to the 

m ; 

| entanglement of the transverse coordinates and the p + 1-dimensional coordinates in the metric 

' components. For the D4-D8 brane system, the dynamical solutions reduces to a static warped 

AdSg x S 4 geometry in a certain spacetime region. For the D3-D7 brane system, we find a dynamical 

^ • 

solution whose metric form is similar to that of a D3-brane solution. The main difference is the 
existence of a nontrivial dilaton configuration in the D3-D7 solution. Then we discuss cosmology 
of these solutions. We find that they behave like a Kasner-type cosmological solution at r — > oo, 
while it reduces to a warped static solution at r — » 0, where r is the cosmic time. 
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I. INTRODUCTION 



Recently, studies on dynamical solutions of supergravity have been a topic of great in- 
terest. Conventionally time-dependent solutions of higher-dimensional supergravity are dis- 
cussed in the context of lower-dimensional effective theories after compactifying the internal 
space. However, it is unclear how far this effective low-dimensional description is valid. 
Thus, it is much more desirable to discuss the four-dimensional cosmology in terms of the 
dynamics of the original higher-dimensional theory. This is particularly true in string cos- 
mology in which the behavior of the early Universe is to be understood in the light of string 
theory. Indeed, it was pointed out that the four-dimensional effective theory for warped 
compactification of ten-dimensional type IIB supergravity allows solutions that cannot be 
obtained from solutions in the original higher-dimensional theories 1|. 

A time-dependent solution with fiveform flux in the ten-dimensional type IIB supergravity 
was obtained by Gibbons, Lu and Pope |2]. Requiring the time dependence of the metric for 
general black p-brane systems, it was found that the structure of a warp factor that depends 
on the time is different from the usual "product type" ansatz {3, 4]. 

In this paper, we consider dynamical solutions for intersecting brane systems in super- 
gravity, in which gravity is not only coupled to a single gauge field but also to several 
combinations of scalar and gauge fields. Although the configurations we consider are not 
directly related to actual warped compactifications to four dimensions, we do so in the 
hope that they may serve as a first step toward the understanding of realistic, dynamical 
compactifications that should have occurred in the early Universe. 

Some intersecting brane solutions were originally founded by Giiven in eleven-dimensional 
supergravity [5]. A D4-D8 brane system was constructed by Polchinski and Witten using 
the dual description of the type I string theory on R 9 x S 1 with N coinciding D5 branes 
wrapping the circle 

After that, several authors investigated solutions describing intersecting branes, and con- 
structed new static solutions [3, E ]_. Nastase analyzed a D4-D8 brane solution as a setup 




for the holographic dual of QCD |9|. Brandhuber and Oz found a classical solution of in- 
tersecting D4-D8 branes [loj]. In a certain region of spacetime, the geometry is warped 
AdS@ x S 4 , which describes spontaneous compactification of the massive IIA supergravity in 
ten dimensions [U| to the gauged supergravity |12|, ll3[. In connection with gauge/gravity 
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correspondence, a supergravity b ackg round o 



which includes a flavor D7 brane 
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' D3-D7 brane intersection has been constructed 



The paper is organized as follows. In §Sec.[TTJ we first consider p-brane systems in D 
dimensions and derive a class of dynamical solutions under a certain metric ansatz. In 
§Sec. lIIIt focusing on intersecting D4-D8 brane systems in the ten-dimensional type IIA 
supergravity, we extend the metric ansatz used in the previous section to intersecting branes 
and obtain a class of dynamical solutions. Then further specializing the form of the metric, 
we consider a cosmological solution. Interestingly, this solution is found to approach a 
warped static solution as r — > and a Kasner-type anisotropic solution as r — > oo, where r is 
the cosmic time. We investigate the dynamical D3-D7 brane solution of the ten-dimensional 
type IIB supergravity in §Sec.|IVl Finally, we conclude in §Sec.lVl 



II. DYNAMICAL p- BRANE SOLUTIONS 

In this section, we consider dynamical p-brane systems in D dimensions. First, we write 
down the Einstein equations under a particular ansatz for the metric, which is a general- 
ization of the metric form of known static p-brane solutions. Then, we solve the Einstein 
equations and present the solutions explicitly. 

We consider a gravitational theory with the metric gMN, dilaton <ft, and an antisymmetric 
tensor field of rank (p + 2). This corresponds to a p-brane system in string theory. The most 



general action for the p-brane system in the Einstein frame can be written as [18j 

S = 2^ / ( R * 1d ~ l d(f> A * d<t> ~ \ e ~ C4>F ^) A * F (p+2)) » C 1 ) 

where k 2 is the D-dimensional gravitational constant, * is the Hodge dual operator in the 
D-dimensional spacetime, and c is a constant given by 

e2 = 4 _2(p + 1 )(g-p-3) (2) 

The expectation values of fermionic fields are assumed to be zero. 

After variations with respect to the metric, the dilaton, and the (p + l)-form gauge field, 
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we obtain the field equations 
Rmn = -dmtfidNq 



(3) 



(p + 2)F MA2 ... Ap+2 F N A2 "' Ap+2 - V - ffMAr-Ffo+o, 
A <^ = -^7^^if p+2) , ( 4 ) 



2(p + 2)\ 

1 c 

2(p + 2)! 

d (e-^* F (p+2) ) = 0, (5) 



where A is the Z)-dimensional Laplace operator. 

To solve the field equations, we assume the D-dimensional metric in the form 

ds 2 = h a (x, y)q fJil/ dx ,1 dx l/ + h b (x, y)Uijdy % dy\ (6) 

where q^ u is a (p + l)-dimensional metric, which depends only on the (jp + l)-dimensional 
coordinates and is the (D — p — l)-dimensional metric, which depends only on the 
(D — p — l)-dimensional coordinates y % . The parameters a and b are given by 

- D -"- S (T) 



D - 2 ' D-2 

The metric form (jHJ) is a straightforward generalization of the case of a static p-brane system 
with a dilaton coupling Furthermore, we assume that the scalar field and the gauge 
field strength F( p+2 ) are given by 

= /T c / 2 , (8) 
F {p+2) = dih- 1 ) A fi(X), (9) 

where f2(X) denotes the volume (p + 1) form 

fi(X) = y^qdx^dx 1 A---Adx p . (10) 

Here, g is the determinant of the metric q^ u . 

Let us first consider the Einstein Eqs. (j3J). Using the assumptions (jBJ), (jSj) and (j5J), the 
Einstein equations are given by 

iV(X) - h^D^D.h - |/T V ( A x/i + r'Ay/i) = 0, (11) 

AtfOO - ^ (A x /i + r'AyA) = 0, (12) 
9 M 9i/i = 0, (13) 



where is the covariant derivative with respect to the metric q^, A x and Ay are the 
Laplace operators on the space of X and the space Y, and R^iX) and Rij(Y) are the Ricci 
tensors of the metrics q^ u and Uij, respectively. From Eq. (TT5|) . the warp factor h must be 
in the form 

h(x,y) = h (x) + h 1 (y). (14) 

With this form of h, the other components of the Einstein Eqs. (TTTT) and (fl2l) are rewritten 

as 

R pu (X) - h- l D^D v h - |/T V (A x h + h~ l A Y hi) = 0, (15) 
Rij (Y) - h -u l3 (A x h + h^Ayh) = 0. (16) 

Let us next consider the gauge field. Under the assumption Qj, we find 

dF {p+2) = h-\2di In hdj \nh + h- 1 d i d j h)dy i A dy j A fi(X) = 0. (17) 

Thus, the Bianchi identity is automatically satisfied. Also the equation of motion for the 
gauge field becomes 

d [ e -°* * F {p+2) ] = -d [dih^ydy 1 )] = 0, (18) 

where *y denotes the Hodge dual operator on Y. Hence, the gauge field equation is auto- 
matically satisfied under the assumption Qj. 

Let us consider the scalar field equation. Substituting the forms of the scalar field (jSJ), 
the gauge field and the warp factor <HM into the equation of motion for the scalar field 
(TJJ, we obtain 

C -h- b (A x h + h-'Ayh) = 0, (19) 
Thus, unless the parameter c is zero, the warp factor h should satisfy the equations 

A x h = 0, A Y hi = 0. (20) 

If -F(p+2) 7^ 0, the function hi is nontrivial. In this case, the Einstein equations reduce to 

iV( X ) = °> (21) 
fy(Y)=0, (22) 
D^DM = 0. (23) 



On the other hand, if F( p+2 ) = 0, the function hi becomes trivial. Namely, the internal space 
is no longer warped [l]. 

As a special example, we consider the case 



where r]^ is the (p + l)-dimensional Minkowski metric and Sij is the (D —p — l)-dimensional 
Euclidean metric. In this case, the solution for h can be obtained explicitly as 



where A^, B, and Mi are constant parameters. In the case of D = 11, p = 2, the solution 
describes an M2 brane [3, . 



Here, we mention an important fact about the nature of the dynamical solutions described 
in the above. In general, we regard the (p + l)-dimensional spacetime to contain our four- 
dimensional universe, while the remaining space is assumed to be compact and sufficiently 
small in size. Then one would usually think that an effective (p+ l)-dimensional description 
of the theory should be possible at low energies. However, solutions of the above set of 
equations have the property that they are genuinely D dimensional in the sense that one 
can never neglect the dependence on Y, say of h. This is clear from an inspection of 
Eqs. (JTBI) . ( fl6l) . In particular, the second equation involves the Laplacian of h with respect 
to the space X. Hence, the equations determining the internal space Y cannot be determined 
independently from the geometry of the space X. The origin of this property is due to the 
existence of a nontrivial gauge field strength, which forces the function Ho be a linear 
combination of a function of x M and a function of y 1 , instead of a product of these two types 
of functions as conventionally assumed. This fact is in sharp contrast with the case when 
one is allowed to integrate out the internal space to obtain an effective lower-dimensional 
theory. 

Finally, we comment on the exceptional case of c = 0, which happens when (D,p) = 
(10, 3), (11, 5), (11, 2). The scalar field becomes constant because of the ansatz ([8]), and the 
scalar field Eq. (fl9j) is automatically satisfied. Then, the Einstein equations become 



(24) 




(25) 




D^D v h 



-R^(x) 

J2y(Y) 



0. 

h -( v + l)\ Uij {Y) 
= Ag^(X), 



(26) 
(27) 
(28) 
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where A is a constant. As seen from these equations, the internal space Y is not necessarily 
Ricci flat, and the function ho becomes more complicated. For example, when the metric 



q^y is Minkowski, h§ is no longer linear in the coordinates x M but quadratic in them [21]. 

Before concluding this section, let us study the special case of (D,p) = (10, 8) as a warm- 
up exercise for the next section. The existence of the D8 brane means the appearance of 
the 9-form gauge potential, hence the 10-form gauge field strength, which is essentially a 
cosmo logical constant. Then the ten-dimensional action in the Einstein frame is given as 



S = ^I ( R * 1 ~ \ dct> A * d<p ~ \ e ^ l2m2 * x ) ' ( 29 ) 

where m is a constant parameter, which is the dual of the 10-form field strength F< w \ in 



the string frame. T 
22 



supergravity 
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(10) 

lis action is given by the truncations of Romans' massive type IIA 



23 



2J. 



The field equations are expressed as 

A0 = h -e^ 2 m\ (30) 

Rmn = Idu^cj) + ^e 5 ^ 2 g MN , (31) 
2 lb 

where A is the ten-dimensional Laplace operator. The ansatz for the metric ([6]) and the 
scalar field (jSJ) become 

ds 2 = h 1/8 (x,y)q„ u (X)dx»dx v + h 9/8 {x,y)dy 2 , (32) 

= /i" 5/4 . (33) 

The field equations give 

iV(X) = 0, (34) 

h(x,y) = h (x) ±m(y -y ) (35) 

where y$ is a constant parameter, and ho(x) has to satisfy the equation 

D„D u h = 0. (36) 

Now we show a solution for h and ^(X) to ( |23i) . ( 1281) except for X being (p + 1)- 
dimensional Minkowski spacetime. Let us consider a simple gravitational plane-wave metric 

q tlu (X)dx fl dx u = dudv — K(u, x)du 2 + 5ijdx l dx^ (37) 



where = (2, • • • ,p + 1). This is a vacuum solution of the Einstein equations if the 

function K satisfies 

R UU (X) = -dt&K = 0. (38) 

Particular solutions are K\ = aij{u)x l x^ with an = 0, or K 2 = f(u)\x\~ p+3 for x 7^ 0. 
First, we consider the c 7^ case in which D v ho = Diho = 0. In this case, Eq. ( 1231) is 

d 2 u h = 0. (39) 

Then, the form of ho is given by 

h (u) = c\u + c 2 , (40) 

where C\ and c 2 are constant parameters. The metric of D-dimensional spacetime can be 
written as 

ds 2 = (du + c 2 + q /lu (X)dx^dx u + (c x u + c 2 + u ij (Y)dy i dy j , (41) 

where hi satisfies the equation Ay/ii = 0. Next, for the case c = in which D v h = Dih = 
0, Eq. (EHD becomes 

d 2 u ho = A. (42) 



The solution of ho is 



ho{u) = ^u 2 + ciu + c 2 , (43) 



where C\ and c 2 are constant parameters. The solution (1431) leads to the metric of D- 
dimensional spacetime 

ds 2 = Qm 2 + du + c 2 + h^j q^(X)dx^dx u + Qu 2 + c x u + c 2 + /ii^ u ij (Y)dy i dy j . (44) 

Here, we mention that in the limit when the terms with hi dominates in the metric 
the whole D- dimensional metric becomes static. This is the metric of the static p-brane 



solution 18( , which is the so-called warped compactification. On the other hand, in the limit 
when the terms with hi are negligible, the background changes from the above description 
to ordinary Kaluza-Klein compactification as time evolves. Although this solution cannot 
describe a realistic cosmology, it is interesting to note that this cosmological solution is an 
asymptotically static p-brane solution. 
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III. DYNAMICAL SOLUTIONS FOR THE D4-D8 BRANE SYSTEM 



Now we consider dynamical solutions for the D4-D8 brane system, which appears in the 
ten-dimensional type IIA supergrayity. The bosonic action of D4-D8 brane system in the 
Einstein frame is given by [7, 9, 10, 25] 



S 



R * 1 - \-dcj) A *c 



1 



e 0/2 F (4) A *F< 



2k 2 J V 2^" "~ r 2-4!~ * w " ^ (4) 2 

The equations of motion for and Fm, and the Bianchi identity for Fu\ are 

A4> = \ (5m 2 e^ + ^ 2 F 2 ^ , 

d(e^ 2 *F (4) ) = 0, 
dF {A) = , 

where A is the ten-dimensional Laplace operator. The Einstein equations are 

3 



e^'V * 1 



(45) 



(46) 
(47) 
(48) 



Rmn = \d M (f>d N (j> + ^m 2 e^ 2 g MN + Ae^ /2 ( AF, 



'mabcFn ABC — t;9mnF(4) J • 



2 mr «r ■ 16 - - ' 2 .4! 
In the following, we look for a solution whose spacetime metric has the form 

ds 2 = h 1/12 (z) \hf /8 (x, r, z) ds 2 (X 5 ) + h 5 4 /8 (x, r, z) (dr 2 + rV(Y 3 ) + dz 2 ) 
<is 2 (X 5 ) = q iW dx ii dx v , 
ds 2 (Y 3 ) = uijdy'dy 3 , 



(49) 



(50) 
(51) 
(52) 



where q^ v is the five-dimensional metric depending only on the coordinates x M of X5, and 
Uij is the three-dimensional metric depending only on the coordinates y l of Y 3 . As for the 
scalar field and the 4-form field strength, we adopt the following assumptions: 



J> = ^-5/6^-1/4 



4 ) 



F (4) = e^ 2 * [d{h- A l ) Afi(X 5 )] 



(53) 
(54) 



where f2(X 5 ) is given by 



fi(X 5 



/= g cfe A dx 1 A cfe 2 A cfe 3 A dx 4 



(55) 



Let us first consider the Einstein Eqs. (|4"9"|) . Under the assumptions (!50|) . (|53|) and (1541) . 
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the Einstein equations become 



-R^(X 5 ) - h 4 1 D ll D u h A + q^h 4 1 



+ — (d z In h) 2 — ^—h 2 + —d z In h d z In H — —d r In /14 
36 V ; 16 16 16r 

d^d r hi = 0, 
dftdzhi = 0, 
A Xs /i 4 + h^ 1 



dlhi + -<9 r /i 4 + d 2 h 4 + -d z In h d z h± 
r 



+ 



2l-2 



1 

3* 



15 



9 



(d z hih) — m h 



R ij {Y 3 )-2u 



Ax 5 h 4 + h d r hi + -d r In hi + /i 4 <9 2 h± 



+ i<9 2 In /i d z In /i 4 + — h- x d 2 h + — (d 2 In hf - —h~ 2 
3 24 2 36 v ; 16 



0. 



(56) 
(57) 
(58) 

(59) 



(60) 



where i? M ^(X 5 ), Rij(Y 3 ) are the Ricci tensors of the metric and u^, respectively, is 
the covariant derivative with respective to the metric q^, and Ax 5 is the Laplace operator 
on the space X 5 . From Eqs. ( 1571) and ( l58l . the warp factor /i 4 can be written as 



h 4 (x, y, z) = H (x) + H^r, z) 



(61) 



Inserting this into Eqs. ( 1561) . ( |59j) . and ( |60l) . we find 



R^vO^b) — h 4 1 D fJ/ D u Ho + Yg^4 1 ^ 



i f - (d z In /i) 2 - -hT x d 2 h - m 2 h- 2 
3 \9 V ' 9 



+A X5 H + hi 1 (d 2 r H x + -drH, + d 2 z E x + \d z In h <9 Z #! 
\ r 3 

A X5 #o + ^ + h r H x + + ^d z In 

+ i Q («9 2 In />) 2 + l^flg/i - m 2 ^ 2 



0. 



^'(Ys) -2uij- — r 2 Uij 
I /I ,„ . . , 2 



A Xs H + hl x ( + -d r H x + 9 2 Fx + \d z \nhd z H x 

r 3 



+ — I - (d z In /i) z + -hr x dlh - m 2 h- 2 
16 V9 V ' 3 



0. 



(62) 



(63) 



(64) 



Let us next consider the gauge field equations. The gauge field Eq. fT4T|) is automatically 
satisfied under the assumption ( |54|) and the form of /i 4 given by Eq. ( 16T1) . Under the 
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assumptions (1501) and (1331) . (|54|) . the Bianchi identity (j4"8"l) gives 



d 2 h 4 + -drhi + <9 2 /i 4 + -<9 2 In /i d z h 4 = . 



d^drhi 







0. 



(65) 
(66) 
(67) 



The last two equations are the same as Eqs. (157|) and (158|) . and they have been already 
solved to give Eq. (161~1) . Then the first Eq. (165|) becomes 



<9 r 2 #i + -d r H x + d 2 z E x + \d z In = 



(68) 



Next we consider the scalar field Eq. (1461) . Substituting the assumptions for the metric 
(l50j) . the scalar and gauge fields (153|) . (154"1) . and the form of h 4 (ISTI) into the scalar field 
Eq. (|46D, we find 



A X5 H + I {d z In hf - -m 2 h- 2 + h^d'h 
9 4 6 



I ^ + -<9 r #! + 8%Hi + \d z \nhd z H x 
r 6 



0. 



Together with Eq. (1681) . the above equation gives 



A X5 i? + \ (d z In hf + V 1 ^ - m 2 /T 2 



0. 



(69) 



(70) 



Inserting Eqs. 



and (17U1) into the Einstein Eqs. (IBIZj) - (16"4"|) . we find for nontrivial i^i 



-R/iv(Xs) — 0, 

Rij{Y 3 ) = 2mj, 

D„D v H o = 0, A X5 H = 



9 



(d z hf - m 2 = , <9 2 /i = . 



(71) 
(72) 
(73) 
(74) 



The last line of the above equations is immediately solved to give 



h(z) = -m(z - z Q ) 



(75) 



where zq is an integration constant (corresponding to the position of the D8 brane). Below 
we set Zq = without loss of generality. Then Eq. (1681) reduces to 



d 2 H ± + -d r H x + d 2 z E x + 8 Z H X = . 
r 3z 



(76) 



11 



The solution is 



H x (r,z) 



Cl 



+ c 2 



(77) 



(y-2 _|_ ^2^5/3 

where c\ and c 2 are constant parameters. 

Let us investigate the geometrical properties of the D4-D8 brane system. As a particular 
solution to the three-dimensional metric Uij which satisfies Eq. ( 1721) . we take the space Y3 
to be a three-dimensional sphere S 3 . Then if we make a change of coordinates, z = fsina, 
r = fcosa (0 < a < vr/2), the metric reads 



where 



ds 2 = h 1 / 12 



h~ 3/8 q/iu dx^dx u + hl /a (dr 2 + f 2 dVL 



5 /8/ -2 , ~2, 



(78) 



dVL 2 A = da 2 + cos 2 adQ 2 



3 ! 



h 4 (x, r) = H (x) + + c 2 = H Q (x) + H x (r) 
h(r, a) = —mf sin a . 



(79) 
(80) 

(81) 



Here, dttf, and dQ 2 denote the line elements of the three-dimensional sphere S 3 and the 
four-dimensional sphere S 4 , respectively. 

Now we further define a new coordinate U by r 2 = U 3 . From Eq. (175]) . we see that H is 
a linear function of x^ . Hence, keeping the values of these coordinates finite, the metric in 
the limit U — *■ becomes 



ds 2 



■msiiia 



1/12 



c^ 1/2 U 2 qilu dx^dx u + c x 



AU 2 



while the dilaton is given by 



-1/4 



-m sin a 



-5/6 



This is a static metric. In particular, in the case q^ u is the five- dimensional Min 



KOWS 
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(82) 



(83) 



d metric 



m 



26 



27] 



1]^, the above ten-dimensional metric becomes a warped AdSg x S 4 space 

Let us consider the case = r}^ v in more detail. In this solution for the warp 

factors hi and h can be obtained explicitly as 



h 4 (x,r) 
K 

h(f, a) 



(3t + K, 



(3 a x a + 1 + H 1 (r), 
3 

-mr sm a , 



(84) 
(85) 
(86) 
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where x a (a = 1, • • • , 4) denote the spatial coordinates of X 5 , Hi{f) is given by (ITT)) , and j3, 
(3 a and 7 are constant parameters. 

Now we introduce a new time coordinate r by 

T 



- = ((3t) 13/W 

T 



Pr = f 3 , 



(87) 



where we have assumed (3 > for simplicity. Then, the ten-dimensional metric (ITS"]) is given 
by 



ds 2 = h 1 ' 12 1 + 



■( 










r 


T 





-16/13 



16/13 




-6/13 



5 n hdx a dx b 



(df 2 + f 2 dn 2 4 ) 



(88) 



where the metric 5 a b is the spatial part of the five-dimensional Minkowski metric 77^. If we 
set K = 0, the scale factor of the four-dimensional space is proportional to r~ 6 / 13 , while 
that for the remaining five- dimensional space is proportional to r 10 / 13 . Thus, in the limit 
when the terms with K are negligible, which is realized in the limit r — > 00, we have a 
Kaluza-Klein type cosmological solution. Again, similar to the case of the p-brane solution 
discussed in Sec. HIl although this solution is by no means realistic, it is interesting to note 
that it is asymptotically static in the past r — > 0. 

IV. DYNAMICAL D3-D7 BRANE SOLUTION 



In this section, we consider dynamical solutions 
appears in the ten-dimensional type IIB supergravity 



or the D3-D7 brane system, which 



A. D7-brane solution 

First, we discuss a D7-brane solution 
Einstein frame can be written as 



The action for the D7-brane system in the 



S 



1 

2^ 



R* 1 



2{lm.T) z 



(89) 



where k 2 is the ten-dimensional gravitational constant, * is the Hodge dual operator in the 
ten-dimensional spacetime, and r = Cm) + ie~^. The expectation values of fermionic fields 
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iV(X) - D^D^ - -d^d v y - A/ 2 (d^rd v f + d^fd u r) = 0, (93) 



are assumed to be zero. We can write the field equations by using the ten-dimensional action 

Rmn = (j^ T y {9 M Td N f + d M fd N r) , (90) 

At = -^—g MN d M Td N T, (91) 
l(ltllT) 

where A is the ten-dimensional Laplace operator. 

We adopt the following ansatz for the ten-dimensional metric: 

ds 2 = q^ u (X)dx»dx u + eV^SijWdtfdyj, (92) 

where q^ v is a eight-dimensional metric which depends only on the eight-dimensional coor- 
dinates x M , and y l denote the two-dimensional coordinates. 

We first consider the Einstein Eqs. (190]) . Using the assumption f j92|) . the Einstein equa- 
tions are given by 

1. ,„ , 1 

4(Imr) 

V* ( A x* + <T + <J -A Y * + 2(I ^ r)2 (^r^f + djr) = 0, (94) 

+ o/t 1 a 2 (^ T(9 * f + ^r) = 0, (95) 

where is the covariant derivative with respect to the metric ^(X), Ax and Ay are the 
Laplace operators on the space of X and the space of Y, and R^QC) is the Ricci tensors of 
the metrics q^, respectively. 

Now we introduce the complex coordinate z = y l + iy 2 and assume that the scalar field 
t depends only on the coordinate z and z {29] 

t = t(z,z). (96) 

Then, from Eq. (195]) . the warp factor \1/ must be in the form 

V(x,z,z) = * (x) + *i(z,z). (97) 

Using the form of \I/ and the assumption (196]) . the field equations Eqs. (193~1) and (194]) are 
rewritten as 

iV(X) - D„A,tt - ~3 M *o3,tto = 0, (98) 
<T (X) (D p D ff * + ^oO^o) = 0, (99) 
ddV 1 -<9<91n(imr) = 0, (100) 
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where d, d are defined by 



d _ \ ( d . d \ h_ d _ 1 / d , d \ 

If the function * satisfies the equation, 

1)^*0 + ^*0^*0 = 0, (102) 
Eq. (Jggj is satisfied and the field Eqs. and ffTOOj) become 

iW X ) + 7^*(A*o = ^( X ) " ^A,*o = 0, (103) 
9.9*! - 99 ln(Im r) = 0. (104) 

If the eight-dimensional space X is assumed to be an Einstein manifold, Eq. (11031) implies 
that the eight- dimensional metric q^ v is expressed as a product of two vectors. Hence, the 
determinant of the metric q^ u becomes zero, which is not permissible. It then follows that 
R fJiU (X.) = and * is constant, which implies that the function * depends only on the 



coordinates z, z. That is, t 



were discussed 



in fl H, 
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re solution is static. Static solutions of the field Eq. (I104j) 



29(| . The D7-brane solution ( 192]) is different from the p-brane 
solutions (jSJ) because the scalar field r does not depend on the eight-dimensional coordinate 
x M . To obtain a time- dependent solution, we will add a D3 brane, which we will discuss in 
the next subsection. 



B. D3-D7 brane solution 

We consider a gravitational theory with the metric QmNi scalar field r, and a 5-form field 
strength Fr§y The action for the D3-D7 brane system in the Einstein frame can be written 

as 

s = i / (* * 1 - acfiby* A ** " i F,5) A * F(5) ) ' (105) 

where k 2 is the ten-dimensional gravitational constant and * is the Hodge dual operator in 
the ten-dimensional spacetime. The expectation values of fermionic fields are assumed to 
be zero. 



15 



The ten-dimensional action fl 1 5 [) gives following field equations: 

1 



Rmn 
At = 



{d M rd N f + d M fd N r) + ^F MABCD F N AB( n 



4(Imr) 2 
1 g MN d M rd N r 



1 

96" 



dF, 



(5) 



z(Imr 
= 0, . 



'(5) 



*F, 



(5), 



(106) 

(107) 
(108) 



where A is the ten-dimensional Laplace operator, and we used the self-duality condition 
for the 5-form field strength, which is required by supersymmetry [28j], and A is the ten- 
dimensional Laplace operator. 

We assume the form of the ten-dimensional metric as 



ds 2 = guNdx M dx N 

= h- 1 / 2 (x,y)q^(X)dxV + hWfayfajOOdy'dyi, 



(109) 



where q^ u (X) denotes a four- dimensional metric, which depends only on the four- dimensional 
coordinates x^, and Uy(Y) is the six-dimensional metric, which depends only on the six- 
dimensional coordinates y l . The brane configuration is given as follows: 
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o 


o 


o 


o 


o 


o 


o 







Furthermore, we assume that the scalar field r and the gauge field strength F 5 are given 



by 



r = r(y), 



<(5) 



[l±*)d(h- 1 ) Aft(X), 



110) 
111) 



where fl(X) denotes the volume 4-form 

Q(X) = y/^dx A dx 1 A dx 2 A dx 3 . 

Here, q is the determinant of the metric q^ v {X). 
Now we assume that the metric Wy(Y) is given by 



(112) 



u ij (Y)dy i dy j = s ab {Y)dw a dw b + e* {r \dr 2 + r 2 d9 2 ), 



(113) 
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where s a b(Y) is the metric of the four-dimensional space, and \I/ is a function that depends 
only on the coordinate r. 



We adopt an assumption for the scalar field r and the function \l> as[17l. |29] 



T 

C( ) 

-0(r) 



C( ) + ze" 



A\n ( - 



(114) 
(115) 



where A and r c are constant parameters. We note that, in this case, the square of the Ricci 
tensor for the internal space (11131) is given by 

-6 



^(Y)^(Y) = — 



Aln I - 

r r 



(116) 



Thus, the six- dimensional space Y has singularities at r = and r = r c . 

Let us first consider the Einstein Eqs. (I106[) . Using the assumptions f 1 1 9 [) . (II 101) . (II 111) , 
(11131) . the Einstein equations are given by 



iV(X) - h- l D^D v h + -h~% u ( A x/> + h^Ayh) = 0, 



RijfX) - -Uij (A x h + h~ l A Y h) 



4(Imr) : 



(diTdjT + diTdjr) 



d^dih = 0, 



(117) 

(118) 
(119) 



where _D M is the covariant derivative with respect to the metric q^ Vl A x and Ay are the 
Laplace operators on the space of X and the space Y, respectively, and R^ U (X) and Rij(Y) 
are the Ricci tensors of the metrics q^ v and Uy, respectively. From Eq. (I119p . the warp 
factor h must be in the form 

h(x,y) = h (x) + h 1 {y). (120) 
Using ffT20l . Eqs. ffTTTft and ffTTSD are rewritten as 



i^„(X) - h^D^Dvha + -h-'q^ (A x h + h^Ayh) = 0, 



R i3 {Y) - - Uij (A x h + h ^yhx) = — - 
J 4 v ' 4(Imr) 2 



(diTdjT + diTdj 



(121) 
(122) 



In order to simplify these equations, we use the gauge and scalar field equations. 
First we consider the gauge field equation. Under the assumption (II lip , we find 

gLF (5) = =pAy/ti dy i A * Y dy t = 0, 
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where we have used (11201) . and *y denotes the Hodge dual operator on Y. Thus, we obtain 
the equation, 

A Y fri = 0. (123) 

Next we consider the scalar field equation. Substituting the form of the scalar field, (1114j) 
and (1115p . and the metric (I109j) with f II 1 3 f) into the equation of motion for the scalar field 
t, (|107p . one finds it is automatically satisfied. 

Then, noting the fact that r is a function of only the coordinates y l , Eq. (11221) implies 
Ax^-o = if the function h\ is nontrivial. In this case, the Einstein equations reduce to 

0, (124) 
0, (125) 
= 0, (126) 

where R a b(Y) is the Ricci tensor with respect to the metric s &(Y). The Einstein equations 
with respect to R rr , R r e, Reg are automatically satisfied under the assumptions (11 13}) . (11141) . 
(11151) . If the function hi is trivial, that is, if it is a constant, we may set hi = without loss 
of generality. This means we have = and h = ho(x). It then follows from (11221) that 
Ax/io — 0. If we assume q^ u = i]^, s a b = 8 a b, the solution for h is given by 

h (x) = Cpx" + d, (127) 

in terms of the four- dimensional Minkowski coordinates x^, where c M and d are constants. 

Equation (11261) implies that the function ho is in the same form as in the case of a single 
D3-brane solution with A = as seen from Eq. (|28|) . Thus, we find that the metric for 
the D3-D7 brane system (11091) is similar to that of the D3-brane system. Apart from the 
restriction that A = 0, the difference from the D3-brane metric is in the six- dimensional 
metric Ujj, which is affected by the existence of a nontrivial scalar field configuration, which 
describes a D7 brane. 

The ten-dimensional metric ( 11091) exists for h > and has curvature singularities at 
h — 0, r — 0, and r = r c . If the function hi is negligible and ho(t) oc t, the scale factor 
of the four-dimensional universe is oc r~ 2 / 3 , while the scale factor of the six- dimensional 
internal space is oc r 2 / 3 , where r oc t 3 / 4 is the cosmic time in four dimensions. Thus, as 
in the case of the D4-D8 brane system, the D3-D7 solution also behaves as a Kaluza-Klein 



R/iuQQ — 
R ab (Y) = 
DnD v h = 
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type cosmological solution in the asymptotic future. On the other hand, the analysis of 
the solution near t = is not so easy compared to the case of the D4-D8 brane system. 
Therefore, we postpone it future issue. 

We can construct the D3-D7-brane solution on the basis of the discussion in Sec. [TTJ Now 
we assume the ten- dimensional metric of the form 

ds 2 = h^ 1/2 (x,y) qiMJ (X)dx^dx u + hl /2 (x } y)-f ab (Z)dz a dz b 

+h 1 3 /2 (x,y)h 7 (x,y)u ij (Y)dy i dy j , (128) 

where q^ v {X) denotes a four- dimensional metric, which depends only on the four- dimensional 
coordinates x M , 7 a b(Z) denotes a four- dimensional metric, which depends only on the four- 
dimensional coordinates z a , and Wij(Y) is the two-dimensional metric, which depends only 
on the two-dimensional coordinates y % . We also assume that the dilaton and the gauge 
fields are given by 

F (5) = (li*)^ 1 ) Afi(X), (129) 
= e" 2 * * F (9) = e" 2 * * [d (/if 1 ) A ft(X) A fi(Z)] , (130) 
= h? 1 , (131) 

where f2(X) and Q(Z) are given by 

fi(X) = v^grfa; A ■ ■ ■ A cte 3 , fi(Z) = y^dz 4 A • ■ ■ A rfz 7 . (132) 

The dilaton and gauge fields are assumed to have the same form as the single p-brane 
solutions in Sec. [Ill The assumptions on the ten-dimensional metric and fields correspond 
to the following brane configuration: 
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This is the same as the previous D3-D7-brane configuration (11091) . We first consider the Ein- 
stein Eqs. (I106p . Substituting the metric (11281) into the ten-dimensional Einstein equations, 
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we obtain 

Rp,{X) - h^D^D u h 3 - h^D^D^hr - - (d /Ji \nh 3 d v lnh 7 + <9 M In h 7 d v In h 3 ) 

+ V [A x h 3 + (hhj)- 1 (A Y h 3 + h 3 q^d p h 3 d a h 7 )] = 0, (133) 

R ah {Z) - ^ 7afe [A x h 3 + (hshy 1 {Ayh 3 + h 3 q p °d p h 3 d a h 7 )] = 0, (134) 

RijiY) - ^Uij (h 7 A x h 3 + h^Ayh) - ^u i:j (h 3 A x h 7 + h^ l A Y h 7 ) 

- ^u iiq pe7 d p h 3 d a h 7 = 0, (135) 
h^d^h + h^d^h = 0, (136) 

where is the covariant derivative with respect to the metric q pu , A x and Ay are the 
Laplace operators on the space of X and the space Y, respectively, and R pu (X), i? a b(Z), and 
Rij(Y) are the Ricci tensors of the metrics q pu , 7^, and Uij, respectively. From Eq. (11361) . 
we have 

h 3 {x,y) = H {x)+H 1 {y), h 7 {x,y) = K {x)+K 1 {y). (137) 
Using ffTBTl) . Eqs. (TT33D . (fT34"l) and (11351) are rewritten as 

R pu (X) - h^D^Ho - h^D p D u K - 1 (hh,)- 1 (d p H d„K + d^K d v H Q ) 

+ \h^q pv [A X H + (h.h,)- 1 (AyH, + h 3 q^d p H d a K )] = 0, (138) 
iU(Z) - \lah [A X H + {h 3 h 7 y l {AyH x + h 3 q^d p H d a K )] = 0, (139) 
%(Y) - -mj {h 7 A x H + h^AyH^ - - Uij {h 3 A x K + h^AyK^ 

- ^ UlJ q p °d p H d a K = 0. (140) 

We can simplify Eqs. (11381) -( 11401) in terms of the gauge and dilaton equations. Under 
the assumption (11291) . we find 

dF {5) = tA y #i fl(Z) A dy* A * Y dy i = 0, (141) 

where we have used ( 11371) . and *y denotes the Hodge dual operator on Y. Thus, we obtain 
the equation, 

A Y iJi = 0. (142) 
The scalar field Eq. ( I107p can be decomposed as follows 

d{e 2 * * = 0, (143) 
A0 = e 2 ^F ( 2 1) . (144) 
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Under Eq. (11301) . the field Eq. f!143j) becomes the Bianchi identity for F( 9 ). Then, the field 
equation for Fm is automatically satisfied. On the other hand, from the Bianchi identity 
for F(i), we have 

die' 2 ** * F (9) ) = -A Y Ki dy* A * Y dy i = 0. (145) 

Then, the Bianchi identity for F^ leads to 

AyKx = 0. (146) 

Next we consider the dilaton Eq. (11441) . Substituting Eqs. (I129p - (1131)) . and the metric 
(11281) into the equation of motion for the dilaton (11441) . we find 

h; 1/2 h? 1 (q^d„H d u K + h 3 A x H ) = 0, (147) 

where we used Eqs. (TTBTj) . ffT46j) . Then, in order to satisfy field Eqs. (TT38T) - (fllPD . (FT42D . 
(11461) . (11471) . we can choose either 

i?^(X) = 0, i? afe (Z)=0, %(Y) = 0, (148) 

D^DvHq = 0, K = constant, (149) 

or 

iV(X) = 0, J R ab (Z)=0, i^(Y) = 0, (150) 

D^D U K = 0, # = constant. (151) 

We find that the Einstein equations cannot be satisfied if both h 3 and h-j depend on the 
coordinate x 11 . 

If we assume d^h 7 = 0, q^ u = r]^ u , j ab = 5 ab , u i:j = we have 

h 3 (x,y) = H (x)+H 1 (y); H (x) = + d, H x {y) = J] M, In \y - y t \, (152) 

i 

h 7(y) = ^2 L ^ n \y- m\i ( 153 ) 

where c M , d, M z , L t and $ are constants. For d^h 3 = 0, = T]^, j ab = 5 ab , = we 
have 

h 7 (x,y) = K (x) + K 1 (y); K (x) = + d, K x (y) = s ^M l \n\y - #|, (154) 

i 

1 
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where c M , d, Mi, Li, and y\ are constants. 

There are curvature singularities at y = yi as well as at h$ = or hi = in the ten- 
dimensional metric (j!28p . In the case of d^h-j = 0, the function H Q depends on a linear 
function of the four-dimensional coordinates x^. The scale factor of the four- dimensional 
universe has the same form as the previous D3-D7-brane solution (I1U9I) . For d^h^ = 0, the 
function Kq is proportional to a linear function of the four-dimensional coordinates x^. The 
scale factor a(t) of the two-dimensional internal space Y is given by a(t) oc t if K\ — and 
K (t) oc t. 

The D3-D7-brane metric (11281) is not the same as (11091) because it has the dilaton and 
gauge field, which depend on the four- dimensional coordinate x^. In particular, the two- 
dimensional internal space Y depends on time even if d^h 3 = 0. 



V. CONCLUSION 



In this paper, we investigated dynamical solutions of higher-dimensional supergravity 
models. We found a class of time-dependent solutions for intersecting D4-D8- and D3- 
D7-brane systems. These solutions were obtained by replacing a constant A in the warp 
factor h = A + h\(y) of a supersymmetric solution by a function h (x) of the coordinates 



2l| . where the coordinates y % would describe the internal space and x M would describe 



our Universe. In the D4-D8 brane solution, the geometry was found to approach a warped 
static AdS 6 x S 4 in a certain region of the spacetime. 

In particular, in the case of the D4-D8 system, we found an interesting solution which 
is warped and static as r — > but approaches a Kasner-type solution as r — > oo, where 
t is the cosmic time. Although the solution itself is by no means realistic, its interesting 
behavior suggests a possibility that the Universe was originally in a static state of warped 
compactification and began to evolve toward a Universe with a Kaluza-Klein compactified 
internal space. 

Conventionally one would expect an effective theory description in lower dimensions to 
be valid at low energies. However, as clearly the case of the cosmological solution mentioned 
above, the solutions we found have the property that they are genuinely D dimensional 
in the sense that one can never neglect the dependence on y l , say of h. Thus, our result 
indicates that we have to be careful when we use a four-dimensional effective theory to 
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analyze the moduli stabilization problem and the cosmological problems in the framework 
of warped compactification of supergravity or M theory. 
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